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Abstract
In this paper, we prove the existence of global smooth solutions to the Cauchy
problem of 3D incompressible magnetohydrodynamics (MHD) ﬂows with mixed
partial dissipation and magnetic diﬀusion if the initial condition is suitably small.
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1 Introduction
In this paper, we consider the following D incompressible MHD equations with mixed
partial dissipation and magnetic diﬀusion (see []), i.e.,
ut + u · ∇u = –∇p +μuxx +μuyy + b · ∇b, ()
bt + u · ∇b = ηbxx + ηbyy + b · ∇u, ()
divu = , divb = , ()
associated with the initial data
u(,x) = u, b(,x) = b. ()
Here u = (u(t,x),u(t,x),u(t,x)) is the velocity ﬁeld, b = (b(t,x),b(t,x),b(t,x)) is the
magnetic ﬁeld, p = p(t,x) is scalar pressure, μ >  is the kinematic viscosity, η >  is the
magnetic diﬀusion. Formore background, we refer the reader to [] forMHD and [, ] for
MHD with mixed partial dissipation and magnetic diﬀusion. Without loss of generality,
we assume that μ = η =  in the remainder of the paper.
To state the main results, we ﬁrst introduce the following conventions and notations
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with the norm ‖ · ‖Hm .
Our main result of this paper can be stated as follows.
Theorem . Assume that u ∈ H and b ∈ H with divu = divb =  and ‖u‖H +
‖b‖H ≤ ε, where ε is a suﬃciently small positive number. Then ()-() admit global
smooth solutions.
Remark . Theorem . is Theorem . in [], which has not been proved in their paper.
Wewould also emphasize that our proof of Theorem . is clearer for deducing the desired
a priori estimates in Lemma . (see the next section) than that of Proposition . in [].
The rest of the paper is organized as follows. In Section , we deduce the desired a
priori estimates to complete the proof of Theorem .. We ﬁnish the proof of Theorem .
in Section  by the method of vanishing viscosities.
2 A priori estimates
In this section, we deduce the desired a priori estimates in order to ﬁnish the main result.
Before we begin to prove themain theorem of this paper, we ﬁrst state the following useful
lemma that was deduced in [].
Lemma . Assume that f , g , h, fx, gy, hz are all in L(R). Then we have
∫
|fgh|dx≤ C‖f ‖  ‖g‖  ‖h‖  ‖fx‖  ‖gy‖  ‖hz‖  .





(‖u‖ + ‖b‖) + ‖ux‖ + ‖uy‖ + ‖bx‖ + ‖by‖ = . ()
We denote that ω =∇ ×u and j =∇ ×b. Thus, applying the operator ‘∇×’ to () and (),
together with (), we deduce that
ωt + u · ∇ω –ω · ∇u = ωxx +ωyy + b · ∇j – j · ∇b, ()
jt + u · ∇j = jxx + jyy + b · ∇ω + εijk(∂jbl ∂luk – ∂jul ∂lbk), ()




 if (i, j,k) is an even permutation,
– if (i, j,k) is an odd permutation,
 others.
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The ﬁrst key lemma is the following.
Lemma . If (u,b) solves ()-() and the initial data satisﬁes
‖u‖ + ‖b‖ ≤ C and ‖ω‖
 + ‖j‖ ≤  , ()
where C is a suitable large number, then the vorticity ω and the current density j satisfy
‖ω‖ + ‖j‖ ≤ ,
∫ t

(‖ωx‖ + ‖ωy‖ + ‖jx‖ + ‖jy‖)ds≤  for all t ≥ .
Proof Multiplying () and () by ω and j, respectively, then integrating the resulting equa-





(‖ω‖ + ‖j‖) + ‖ωx‖ + ‖ωy‖ + ‖jx‖ + ‖jy‖
=
∫ (
ω · ∇ω · ω – j · ∇b · ω + εijk(∂jbl ∂luk – ∂jul ∂lbk)ji
)
dx = I + J +K + L. ()
We have to estimate each term on the right-hand side of (). Some of the terms are the
same as in [] and are proved here for completeness. First, I can be written as
I =
∫





ω ∂xujωj dx +
∫
ω ∂yujωj dx +
∫
ω ∂zujωj dx = I + I + I.
With the help of Lemma ., we deduce that
I =
∫




Similarly, we obtain that
I =
∫






ω ∂zujωj dx =
∫





In order to bound J , we rewrite the integrand explicitly as follows:
J = –
∫





j ∂xbjωj dx –
∫
j ∂ybjωj dx –
∫
j ∂zbjωj dx = J + J + J.
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Due to Lemma ., we see that
J = –
∫















j ∂zbjωj dx = –
∫





(‖bx‖ + ‖by‖)(‖ω‖ + ‖j‖).
Now, let us turn to bound L,
L = –
∫
εijk ∂jul ∂lukji dx
= –
∫
εijk ∂xul ∂lukji dx –
∫
εijk ∂yul ∂lukji dx –
∫
εijk ∂zul ∂lukji dx
= L + L + L.
By Lemma ., we have that
L = –
∫












As for L, we should split it into three parts:
L = –
∫
εijk ∂zul ∂lukji dx
= –
∫
εijk ∂zu ∂xukji dx –
∫
εijk ∂zu ∂yukji dx –
∫
εijk ∂zu ∂zukji dx
= L + L + L,
L = –
∫
εijk ∂zu ∂xukji dx















To bound L, using the incompressibility condition divu = , we deduce that
L = –
∫
εijk ∂zu ∂zukji dx
=
∫
εijk(∂xu + ∂yu) ∂zukji dx = L + L.
We get the L and L as follows:
L =
∫












To bound K , we should divide it into three parts:
K =
∫
εijk ∂jbl ∂lukji dx
=
∫
εik ∂xbl ∂lukji dx +
∫
εik ∂ybl ∂lukji dx +
∫
εik ∂zbl ∂lukji dx
= K +K +K.
Similarly, we deduce that
K =
∫













For K, we have
K =
∫
εik ∂zbl ∂lukji dx
=
∫
εik ∂zb ∂xukji dx +
∫
εik ∂zb ∂yukji dx +
∫
εik ∂zb ∂zukji dx
= K +K +K.

















As for K, using divb = , we obtain
K =
∫
εik ∂zb ∂zukji dx = –
∫




(‖bx‖ + ‖by‖)(‖ω‖ + ‖j‖).





(‖ω‖ + ‖j‖) + 
(‖ωx‖ + ‖ωy‖ + ‖jx‖ + ‖jy‖)
≤ C(‖ux‖ + ‖uy‖ + ‖bx‖ + ‖by‖)(‖ω‖ + ‖j‖).
Let ‖ω‖ + ‖j‖ ≤ , we deduce, with the assumption () on the initial data, that
‖ω‖ + ‖j‖ +
∫ t

(‖ωx‖ + ‖ωy‖ + ‖jx‖ + ‖jy‖)ds≤ .
Thus, the proof of Lemma . is completed. 
Now, we turn to deduce the higher order estimates about the solution.
Lemma . If (u,b) is the solution of ()-(), then
‖∇ω‖ + ‖∇j‖ +
∫ t

(‖∇ωx‖ + ‖∇ωy‖ + ‖∇jx‖ + ‖∇jy‖)ds≤ C. ()
Proof Multiplying () and () by ω and j, respectively, then integrating the resultant





(‖∇ω‖ + ‖∇j‖) + (‖∇ωx‖ + ‖∇ωy‖ + ‖∇jx‖ + ‖∇jy‖)
=
∫ [
u · ∇ω · ω + u · ∇j · j –ω · ∇ω · ω + j · ∇b · ω – b · ∇j · ω
– b · ∇ω · j – εijk(∂jbl ∂luk – ∂jul ∂lbk)ji
]
dx
=M +N + P +Q + R + S. ()
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Now, we turn to bound each term on the right-hand side of (). Similar as the proof of




u · ∇ω · ωdx =
∫
ui ∂iωj ∂kkωj dx = –
∫
∂kui ∂iωj ∂kωj dx
= –
∫
∂xui ∂iωj ∂xωj dx –
∫
∂yui ∂iωj ∂yωj dx –
∫
∂zui ∂iωj ∂zωj dx
=M +M +M.
We estimate each term as follows:
M = –
∫











∂yui ∂iωj ∂yωj dx





Now, we turn to boundM,
M = –
∫
∂zui ∂iωj ∂zωj dx
= –
∫
∂zu ∂xωj ∂zωj dx –
∫
∂zu ∂yωj ∂zωj dx –
∫
∂zu ∂zωj ∂zωj dx
=M +M +M.
Similarly, we can deduce that
M = –
∫
∂zu ∂xωj ∂zωj dx







∂zu ∂yωj ∂zωj dx








∂zu ∂zωj ∂zωj dx =
∫
(∂xu + ∂yu) ∂zωj ∂zωj dx
≤ C‖ux‖  ‖∇ω‖  ‖∇ω‖  ‖∂xuz‖  ‖∇ωx‖  ‖∇ωy‖ 




(‖ux‖ + ‖uy‖ + ‖ωx‖ + ‖ωy‖)‖∇ω‖.
As for N , integrating by parts, we deduce that
N =
∫
u · ∇j · jdx =
∫
ui ∂ijj ∂kkjj dx = –
∫
∂kui ∂ijj ∂kjj dx
= –
∫
∂xui ∂ijj ∂xjj dx –
∫
∂yui ∂ijj ∂yjj dx –
∫





∂xui ∂ijj ∂xjj dx







∂yui ∂ijj ∂yjj dx





As for N, we obtain
N = –
∫
∂zui ∂ijj ∂zjj dx
= –
∫
∂zu ∂xjj ∂zjj dx –
∫
∂zu ∂yjj ∂zjj dx –
∫





∂zu ∂xjj ∂zjj dx









∂zu ∂yjj ∂zjj dx






∂zu ∂zjj ∂zjj dx
≤ C‖ux‖  ‖∇j‖  ‖∇j‖  ‖∇jx‖  ‖∇jy‖  ‖ωx‖ 




(‖ux‖ + ‖uy‖ + ‖ωx‖ + ‖ωy‖)‖∇j‖.
We now turn to bound P,
P = –
∫
ω · ∇ω · ωdx = –
∫
ωi ∂iuj ∂kkωj dx
=
∫
∂kωi ∂iuj ∂kωj dx +
∫
ωi ∂k ∂iuj ∂kωj dx = P + P.
For P, we have
P =
∫
∂kωi ∂iuj ∂kωj dx
=
∫
∂xωi ∂iuj ∂xωj dx +
∫
∂yωi ∂iuj ∂yωj dx +
∫
∂zωi ∂iuj ∂zωj dx
= P + P + P,
P =
∫
∂xωi ∂iuj ∂xωj dx






∂yωi ∂iuj ∂yωj dx




For P, we see that
P =
∫
∂zωi ∂iuj ∂zωj dx
=
∫
∂zω ∂xuj ∂zωj dx +
∫
∂zω ∂yuj ∂zωj dx +
∫
∂zω ∂zuj ∂zωj dx
= P + P + P.
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Thus, we can bound P as follows:
P =
∫














∂zω ∂zuj ∂zωj dx
=
∫
∂z(∂xu – ∂yu) ∂zuj ∂zωj dx
≤ C‖ωx‖  ‖ω‖  ‖∇ω‖  ‖∇ωx‖  ‖ωx‖  ‖∇ωy‖ 




(‖ω‖ + ‖ωx‖ + ‖ωy‖)‖∇ω‖.
Now, we turn to P,
P =
∫
ωi ∂k ∂iuj ∂kωj dx
=
∫
ω ∂k ∂xuj ∂kωj dx +
∫
ω ∂k ∂yuj ∂kωj dx +
∫
ω ∂k ∂zuj ∂kωj dx




ω ∂k ∂xuj ∂kωj dx







ω ∂k ∂yuj ∂kωj dx






ω ∂k ∂zuj ∂kωj dx
≤ C‖ux‖  ‖∇ω‖  ‖∇ω‖  ‖∇ωx‖  ‖∇ωy‖  ‖ωx‖ 




(‖ux‖ + ‖uy‖ + ‖ωx‖ + ‖ωy‖)‖∇ω‖.
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To bound Q, we see that
Q =
∫
j · ∇b · ωdx =
∫
ji ∂ibj ∂kkωj dx
= –
∫
∂kji ∂ibj ∂kωj dx –
∫
ji ∂k ∂ibj ∂kωj dx =Q +Q,
Q = –
∫
∂xji ∂ibj ∂xωj dx –
∫
∂yji ∂ibj ∂yωj dx –
∫








(‖j‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),
Q = –
∫




(‖j‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
As for Q, we see that
Q = –
∫
∂zji ∂ibj ∂zωj dx
= –
∫
∂zj ∂xbj ∂zωj dx –
∫
∂zj ∂ybj ∂zωj dx –
∫
∂zj ∂zbj ∂zωj dx
=Q +Q +Q.
Thus, we can deduce that
Q = –
∫
∂zj ∂xbj ∂zωj dx




(‖bx‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),
Q = –
∫
∂zj ∂ybj ∂zωj dx




(‖by‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖),
Q = –
∫
∂zj ∂zbj ∂zωj dx = –
∫
∂z(∂xb – ∂yb) ∂zbj ∂zωj dx
≤ C‖jx‖  ‖j‖  ‖∇ω‖  ‖∇jx‖  ‖jy‖  ‖∇ωx‖ 





(‖j‖ + ‖jx‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
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Now, we turn to Q,
Q = –
∫
b · ∇j · ωdx = –
∫
ji ∂k ∂ibj ∂kωj dx
= –
∫
j ∂k ∂xbj ∂kωj dx –
∫
j ∂k ∂ybj ∂kωj dx –
∫





j ∂k ∂xbj ∂kωj dx




(‖j‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),
Q = –
∫
j ∂k ∂ybj ∂kωj dx




(‖j‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖),
Q = –
∫
j ∂k ∂zbj ∂kωj dx
≤ C‖bx‖  ‖∇j‖  ‖∇ω‖  ‖∇ωx‖  ‖∇jy‖  ‖jx‖ 




(‖bx‖ + ‖jx‖ + ‖by‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
Here we start to estimate R as follows:
R = –
∫
b · ∇j · ωdx –
∫
b · ∇ω · jdx
= –
∫
bi ∂ijj ∂kkωj dx –
∫
bi ∂iωj ∂kkjj dx
=
∫
∂kbi ∂ijj ∂kωj dx +
∫
∂kbi ∂iωj ∂kjj dx = R + R.
For R, we have
R =
∫
∂kbi ∂ijj ∂kωj dx
=
∫
∂xbi ∂ijj ∂xωj dx +
∫
∂ybi ∂ijj ∂yωj dx +
∫
∂zbi ∂ijj ∂zωj dx
= R + R + R.





∂xbi ∂ijj ∂xωj dx







∂ybi ∂ijj ∂yωj dx





For R, we have
R =
∫
∂zbi ∂ijj ∂zωj dx
=
∫
∂zb ∂xjj ∂zωj dx +
∫
∂zb ∂yjj ∂zωj dx +
∫




∂zb ∂xjj ∂zωj dx




(‖j‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),
R =
∫
∂zb ∂yjj ∂zωj dx




(‖j‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖),
R =
∫
∂zb ∂zjj ∂zωj dx
= –
∫
(∂xb + ∂yb) ∂zjj ∂zωj dx
≤ C‖bx‖  ‖∇j‖  ‖∇ω‖  ‖∇ωx‖  ‖∇jy‖  ‖jx‖ 




(‖j‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
Now, we turn to R,
R =
∫
∂kbi ∂iωj ∂kjj dx
=
∫
∂xbi ∂iωj ∂xjj dx +
∫
∂ybi ∂iωj ∂yjj dx +
∫
∂zbi ∂iωj ∂zjj dx = R + R + R.
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Thus, similarly, we deduce that
R =
∫




(‖bx‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),
R =
∫




(‖by‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
For R, we have
R =
∫
∂zbi ∂iωj ∂zjj dx
=
∫
∂zb ∂xωj ∂zjj dx +
∫
∂zb ∂yωj ∂zjj dx +
∫
∂zb ∂zωj ∂zjj dx















(‖j‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖),
R =
∫
∂zb ∂zωj ∂zjj dx
= –
∫
(∂xb + ∂yb) ∂zωj ∂zjj dx
≤ C‖bx‖  ‖∇ω‖  ‖∇j‖  ‖∇ωx‖  ‖∇jy‖  ‖jx‖ 




(‖bx‖ + ‖by‖ + ‖jx‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
Finally, for the last term S, we have
S = –
∫
εijk(∂jbl ∂luk – ∂jul ∂lbk)ji dx
=
∫
εijk ∂m(∂jbl ∂luk – ∂jul ∂lbk) ∂mji dx
= S + S.
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We ﬁrst consider S,
S =
∫
εijk ∂m(∂jbl ∂luk) ∂mji dx
=
∫
εijk ∂x(∂jbl ∂luk) ∂xji dx +
∫
εijk ∂y(∂jbl ∂luk) ∂yji dx +
∫
εijk ∂z(∂jbl ∂luk) ∂zji dx




εijk ∂x(∂jbl ∂luk) ∂xji dx =
∫
εijk ∂x ∂jbl ∂luk ∂xji dx +
∫
εijk ∂jbl ∂x ∂luk ∂xji dx
≤ C‖jx‖  ‖ω‖  ‖jx‖  ‖ωx‖  ‖∇jx‖  ‖∇jy‖ 





(‖jx‖ + ‖ω‖ + ‖j‖)(‖∇ω‖ + ‖∇j‖),
S =
∫
εijk ∂y(∂jbl ∂luk) ∂yji dx =
∫
εijk ∂y ∂jbl ∂luk ∂yji dx +
∫
εijk ∂jbl ∂y ∂luk ∂yji dx
≤ C‖jy‖  ‖ω‖  ‖jy‖  ‖∇jx‖  ‖∇jy‖  ‖∇ω‖ 






(‖ω‖ + ‖jy‖ + ‖j‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖).
As for S, we see that
S =
∫
εijk ∂z(∂jbl ∂luk) ∂zji dx
=
∫
εijk ∂z ∂jbl ∂luk ∂zji dx +
∫
εijk ∂jbl ∂z ∂luk ∂zji dx
=
∫
εijk ∂z ∂xbl ∂luk ∂zji dx +
∫
εijk ∂z ∂ybl ∂luk ∂zji dx +
∫
εijk ∂z ∂zbl ∂luk ∂zji dx
+
∫
εijk ∂xbl ∂z ∂luk ∂zji dx +
∫
εijk ∂ybl ∂z ∂luk ∂zji dx +
∫
εijk ∂zbl ∂z ∂luk ∂zji dx
= S + S + S + S + S + S.
We deduce each term step by step as follows:
S =
∫
εijk ∂z ∂xbl ∂luk ∂zji dx




(‖ω‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),




εijk ∂z ∂ybl ∂luk ∂zji dx




(‖ω‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
For S, we have
S =
∫
εijk ∂z ∂zbl ∂luk ∂zji dx
=
∫
εijk ∂z ∂zb ∂xuk ∂zji dx +
∫
εijk ∂z ∂zb ∂yuk ∂zji dx +
∫
εijk ∂z ∂zb ∂zuk ∂zji dx
= S + S + S .
Thus, we deduce that
S =
∫
εijk ∂z ∂zb ∂xuk ∂zji dx







εijk ∂z ∂zb ∂yuk ∂zji dx







εijk ∂z ∂zb ∂zuk ∂zji dx
= –
∫
εijk ∂z(∂xb + ∂yb) ∂zuk ∂zji dx
≤ C‖jx‖  ‖ω‖  ‖∇j‖  ‖∇jx‖  ‖∇jy‖  ‖∇ω‖ 




(‖ω‖ + ‖jx‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖),
S =
∫
εijk ∂xbl ∂z ∂luk ∂zji dx




(‖bx‖ + ‖jx‖)(‖∇ω‖ + ‖∇j‖),
S =
∫
εijk ∂ybl ∂z ∂luk ∂zji dx




(‖by‖ + ‖jy‖)(‖∇ω‖ + ‖∇j‖).
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For the last term S, we see that
S =
∫
εijk ∂zbl ∂z ∂luk ∂zji dx
=
∫
εijk ∂zb ∂z ∂xuk ∂zji dx +
∫
εijk ∂zb ∂z ∂yuk ∂zji dx +
∫
εijk ∂zb ∂z ∂zuk ∂zji dx


















εijk ∂zb ∂z ∂zuk ∂zji dx
= –
∫
εijk(∂xb + ∂yb) ∂z ∂zuk ∂zji dx
≤ C‖bx‖  ‖∇ω‖  ‖∇j‖  ‖∇ωx‖  ‖∇jy‖  ‖jy‖ 




(‖bx‖ + ‖by‖ + ‖jy‖)‖∇j‖.
As for S, deduced by similar methods, we can obtain the following inequality (for sim-







(‖ωx‖ + ‖ω‖ + ‖j‖ + ‖ωy‖
+ ‖bx‖ + ‖jx‖ + ‖by‖ + ‖jy‖ + ‖ux‖ + ‖uy‖ + ‖ωy‖
)(‖∇ω‖ + ‖∇j‖).





(‖∇ω‖ + ‖∇j‖) + 
(‖∇ωx‖ + ‖∇ωy‖ + ‖∇jx‖ + ‖∇jy‖)
≤ C(‖ωx‖ + ‖ω‖ + ‖j‖ + ‖ωy‖ + ‖bx‖ + ‖jx‖ + ‖by‖ + ‖jy‖
+ ‖ux‖ + ‖uy‖ + ‖ωy‖
)(‖∇ω‖ + ‖∇j‖).
Then we complete the proof of Lemma . by Gronwall’s lemma. 
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3 Proof of Theorem 1.1
In this section, we prove Theorem . by using the method of vanishing viscosity. To this
end, we consider the following regularized problem:
uεt + uε · ∇uε = –∇pε + uεxx + uεyy + εuεzz + bε · ∇bε , ()
bεt + uε · ∇bε = bεxx + bεyy + εbεzz + bε · ∇uε , ()
divuε = , divbε = , ()
with smooth initial data
uε(,x) =ψε ∗ u, bε(,x) =ψε ∗ b, ()
where ψε(x, y) = ε–ψ(x/ε, y/ε) is the standard molliﬁer satisfying





ψ dx = .
Now, an application of the classical result shows that for any T > , there exists a unique
global smooth solution (uε ,bε) of ()-() on R × (,T) satisfying the global bounds
stated in Lemma . and ., which are uniform in ε. So, by standard compactness argu-
ments, we can extract a subsequence (uεj ,bεj ) and pass to the limit as j→ ∞ to get that the
limit function (u,b) is indeed a global smooth solution of the problem ()-(). The proof
of Theorem . is therefore completed.
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